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Abstract—This article aims to study the geometric control
method of the constrained common invariant subspace (CCIS)
within the descriptor multiaffine representation (DMAR) of ratio-
nal parameter systems, which is particularly effective for deriv-
ing S-variable linear matrix inequality results. Specifically, novel
necessary and sufficient conditions for the existence of CCIS are
established, which significantly reduce the required memory stor-
age and address major computational challenges, such that the
practical application of CCIS within DMAR of rational parameter
systems becomes possible. The efficient CCIS calculation method-
ology is then applied to DMARs of rational parameter systems, pro-
viding sufficient conditions for their reducibility. Furthermore, an
H2 feedback controller synthesis is proposed based on the DMAR
model, demonstrating less conservation compared with existing
methods. Moreover, the advantages of employing the efficient CCIS
method in the design of H2 feedback controllers are highlighted,
showcasing its superiority in enhancing controller performance.

Index Terms— H2 feedback controller, constrained common
invariant subspace (CCIS), descriptor multiaffine representation
(DMAR), rational parameter system.

I. INTRODUCTION

The invariant subspace for a single square matrix plays a pivotal
role in geometric control theory [1], especially for linear time-invariant
systems, facilitating advancements in system analysis and design,
including system identification [2], reducibility (or minimality) [3],
controllability analysis [4], observability analysis [5], state feedback,
and observer design [6]. The generalized concept of common invariant
subspace (CIS) has garnered interest due to the fact that complex
systems are often characterized by multiple state matrices [7]. However,
identifying CIS existence conditions and formulating computational
methodologies remain challenging [8].
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A practical approach to these challenges involves the study of CIS
under specific constraints. To this end, significant strides have been
made by introducing the concept of a constrained common eigenvector
in our previous work [9]. This concept represents a specialized form
of CIS, defined by a 1-D basis vector w in the kernel space of a given
matrix C, i.e., Cw = 0. To advance the understanding of CISs with
constraints and higher dimensionality, we have developed the concept of
a constrained common invariant subspace (CCIS) [7]. This framework
establishes the necessary and sufficient conditions for the existence of
CCIS, significantly simplifying the analysis of the system and allowing
the design of less conservative H∞ state-feedback controllers [7].

On the other hand, the descriptor multiaffine representation (DMAR)
offers an efficient alternative for modeling parametric uncertainties
with lower dimensions than those typically associated with linear
fractional representation (LFR) [10]. Moreover, as highlighted by the
authors in [10], [11], and [12], DMAR is particularly well suitable for
deriving S-variable linear matrix inequality (LMI) results. Despite ad-
vancements in DMAR modeling, the existing literature predominantly
employs LFR techniques, which involve formulating an LFR for the
system before converting it to a DMAR. This approach, as indicated
in [10], often results in DMARs with unnecessarily high dimensions due
to the specific structure of LFR-based methods. However, the challenge
in computing CCIS for n matrices in r dimensions stems from the
dramatic increase in memory storage requirements as both n and r
grow, which presents significant obstacles for the practical application
of CCIS methods to DMAR.

In light of these considerations, this article aims to propose an
effective CCIS calculation method and apply it to DMAR of rational
parameter systems. Specifically, a new necessary and sufficient con-
dition is established for the existence of a CCIS with significantly
less memory storage. This methodology is then applied to DMARs
for the first time, where sufficient conditions are developed for their
reducibility. Furthermore, an H2 control methodology is proposed
for discrete-time linear parameter-varying (LPV) systems, while the
numerical complexity is significantly reduced by using the efficient
CCIS computation strategy.

Notation: Let Rn denote the n-dimensional real column vector
space, and R1×n represent the corresponding row vector space. The
dimensionality of a space W is denoted by dim(W). Zero matrices of
appropriate size and specified size m× n are denoted by 0 and 0m×n,
respectively. Let the time-varying parameters θ1, . . . , θN be collected
in θ := (θ1, . . . , θN ). The field of rational functions in variables θ
over R is represented as R(θ). The class of m× n matrices with
entries in R and R(θ) are denoted by Rm×l and Rm×l(θ), respectively.
The transpose of a matrix A is denoted by A�, and {A}s stands for
the symmetric matrix {A}s := A+A�. The kernel of a matrix A
is defined as ker(A) = η ∈ Rq : Aη = 0. For two matrices A and
B, the row space of A is denoted by spanrow(A), which represents
the subspace spanned by the row vectors of A. The sum of the row
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spaces of A and B is given by spanrow(A) + spanrow(B) = {a+ b :
a ∈ spanrow(A), b ∈ spanrow(B)} [13].

II. MOTIVATION

This section reviews DMAR and CCIS, revealing the essentially
necessity to develop an efficient computational method when applying
CCIS to DMAR for rational parameter systems.

A. Descriptor Multiaffine Representation

Consider parameter-dependent systems described by

xk+1 = Axx(θ)xk +Bxu(θ)uk (1a)

zk = Czx(θ)xk +Dzu(θ)uk (1b)

wherexk ∈ Rmx ,uk ∈ Rmu , and zk ∈ Rmz represent the state vector,
control input vector, and controlled output vector, respectively, and the
matrices Axx(θ) ∈ Rmx×mx(θ), Bxu(θ) ∈ Rmx×mu(θ), Czx(θ) ∈
Rmz×mx(θ), and Dzu(θ) ∈ Rmz×mu(θ) are rational and continues
in θ.

Rewriting the system (1) in matrix form yields

[
xk+1

zk

]
=

G(θ)

[
xk

uk

]
, where G(θ) is a rational parameter matrix (RPM) defined

by

G(θ) :=

[
Axx(θ) Bxu(θ)
Czx(θ) Dzu(θ)

]
∈ R(mx+mz)×(mx+mu)(θ). (2)

Definition 1. (Multiaffine matrix): A polynomial matrix M(θ) is
said to be multiaffine if it takes the form M(θ) =

∑
α1,...,αN∈{0,1}

Mα1,...,αN
θα1
1 · · · θαN

N , where α1, . . . , αN ∈ {0, 1} and Mα1,...,αN

denotes the coefficient matrix.
Definition 2. (DMAR problem): Given an RPM G(θ) ∈ Rp×q(θ),

find matrices M1(θ), M2(θ), and M3(θ) such that

G(θ) = M1(θ)M
−1
2 (θ)M3(θ) (3)

whereM1(θ) ∈ Rp×r[θ],M2(θ) ∈ Rr×r[θ], andM3(θ) ∈ Rr×q[θ] are
multiaffine in θ, and r denotes the dimension of the DMAR. We also
call (M1(θ),M2(θ),M3(θ), r) a DMAR of RPM G(θ).

Since M1(θ), M2(θ), and M3(θ) are multiaffine in θ, they can be
expressed in the form of

Mi(θ) =
∑

α1,...,αN∈{0,1}
θα1
1 · · · θαN

N M (i)
α1,...,αN

(4)

where M
(i)
α1,...,αN is the coefficient matrix. Moreover, we also use(

M
(1)
α1,...,αN , M

(2)
α1,...,αN , M

(3)
α1,...,αN , r

)
to represent the DMAR

(M1(θ), M2(θ), M3(θ), r).
Remark 1: DMAR, as a new type of uncertainty system modeling,

happens to be very suitable for deriving S-variable LMI results [10]
and can reduce the numerical burden [14]. As the LFR is a special
structure of DMAR [10], the existing LFR modeling methods, e.g.,
the object-oriented LFR procedure [15] and the elementary operation
approach [16] can be used to build trivially a DMAR. However, as
pointed by Peaucelle et al. [10], the LFR-based methods often generate
high-dimensional DMAR, and the equivalent DMAR models may
lead to robust control with more conservatism or less conservatism.
Therefore, in order to obtain a robust control with less conservatism,
a feasible method is given to first reduce the dimension of the given
higher dimensional DMAR and then choose the better one with less
conservatism.

B. Constrained CIS

Definition 3 (See [7]): A subspace W is called a right CIS of
M1, . . . ,Mn ∈ Rr×r ifMiw ∈ W , i = 1, . . . , n, for allw ∈ W , and a
right CCIS if, in addition,Cw = 0 for arbitrarily givenC ∈ Rp×r . Du-
ally, a subspace W is called a left CIS of M1, . . . ,Mn if w�Mi ∈ W ,
i = 1, . . . , n, for all w ∈ W , and a left CCIS if, in addition, w�C=0
for arbitrarily given C ∈ Rr×q . A right/left CCIS W is called trivial if
dim(W) = 0; otherwise, it is nontrivial.

Definition 4 (See [7]): Given a matrix F ∈ Rm×r and a matrix set
M = {M1, . . ., Mn} with Mi ∈ Rr×r , the matrix function L(M, F )
is defined as

L(M, F ) :=
[
(FM1)

� · · · (FMn)
�]� ∈ Rnm×r. (5)

LetC ∈ Rp×r and then the matrix functionsLk(M, C) andFk(M, C)
are recursively defined by

Lk(M, C) := L(M,Lk−1(M, C)) ∈ Rpnk−1×r (6a)

Fk(M, C) :=

⎡
⎢⎣
L1(M, C)

...
Lk(M, C)

⎤
⎥⎦ ∈ R

p(1−nk)
1−n ×r (6b)

with F1(M, C) = L1(M, C) = C and k = 2, . . . , r.
Lemma 1 (See [7]): There exists a nontrivial right CCIS W

of M1, . . . ,Mn ∈ Rr×r constrained by C ∈ Rp×r if and only if
Fr(M, C) is rank deficient. Moreover, W = ker(Fr(M, C)).

Remark 2: Lemma 1 necessitates the computation of the matrix
Fr(M, C) of size p(1−nr)

1−n
× r and its kernel. A commonly employed

method for kernel computation is singular value decomposition with
computational complexity of O( p(1−nr)

1−n
× r2) [17]. Consequently,

both the memory storage requirement for Fr(M, C) and the com-
putation time to solve its kernel will increase dramatically as n and
r increase. Furthermore, when dealing with large size matrices in
Gaussian elimination, the number of arithmetic operations, such as
additions, multiplications, and divisions, becomes substantial. This
not only increases computational burden but also introduces potential
inaccuracies due to floating-point limitations, making kernel computa-
tion even more challenging. Even with relatively small values, such as
n = r = p = 10, a very huge matrixFr(M, C) needs to be calculated,

which requires approximately 10(1010−1)
9

× 10 ≈ 1.11× 1011 mem-
ory storage and O(1.11× 1012) complexity for solving the kernel of
Fr(M, C), further emphasizing the computational challenges.

Definition 5: For a DMAR (M1(θ), M2(θ), M3(θ), r), a subspace
W is said to be a right CCIS of (M1(θ),M2(θ),M3(θ), r) if it is a
right CCIS of {M (2)

α1,...,αn} constrained by

M (1) =

⎡
⎢⎢⎣
M

(1)
0,...,0

...
M

(1)
1,...,1

⎤
⎥⎥⎦ (7)

where M
(1)
α1,...,αn and M

(2)
α1,...,αn are defined in (4), α1, . . . , αN ∈

{0, 1}. Dually, a subspace W is said to be a left CCIS of (M1(θ),
M2(θ), M3(θ), r) if it is a left CCIS of {M (2)

α1,...,αn} constrained by

M (3) =
[
M

(3)
0,...,0,0 M

(3)
0,...,0,1 · · · M

(3)
1,...,1,0 M

(3)
1,...,1,1

]
(8)

where M
(2)
α1,...,αn and M

(3)
α1,...,αn are defined in (4), α1, . . . , αN ∈

{0, 1}.
Remark 3: It should be noted that the number of coefficient matrices

M
(2)
α1,...,αN in matrices M2(θ) is n = 2N , which grows exponentially

with the number of parameters N . Moreover, it follows from Remark 1
that the dimension r of the DMAR, i.e., the size of the coefficient
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matrices of the matrixM2(θ) is usually very large. However, the method
in [7] requires the computation of the matrixFr(M, C)with dimension
p(1−nr)

1−n
× r, which increases dramatically as n and r increase. Thus,

in order to apply CCIS to DMAR, it is necessary to develop efficient
CCIS computation methods.

III. EFFICIENT CCIS TO DMAR OF RATIONAL PARAMETER

SYSTEMS

This section presents new necessary and sufficient conditions for
computing CCIS, based on which reducibility conditions for DMAR
are given.

A. Efficient Constrained Computation of CCIS

Lemma 2: Let H ∈ Rmh×r and V ∈ Rmv×r and define

F :=

[
H
V

]
. (9)

Consider a set of matricesM = {M1, . . .,Mn}withMi ∈ Rr×r . If the
matrix V can be obtained from the matrix H by a series of elementary
row transformations T ∈ Rmv×mh , i.e.,

V = TH (10)

then spanrow(L(M, F )) = spanrow(L(M,H)).
Proof: It follows from (10) that:

spanrow (VMi)=spanrow (THMi)⊆spanrow (HMi) . (11)

In view of (9), (11), and Definition 4, we derive that

spanrow (L(M, F )) = spanrow (FM1) + · · ·+ spanrow (FMn)

= spanrow

([
HM1

VM1

])
+ · · ·+ spanrow

([
HMn

VMn

])

= spanrow (HM1) + · · ·+ spanrow (HMn)

= spanrow (L(M,H)) . (12)

�
Theorem 1: DefineHk as the matrix whose row vectors form a basis

of the rows ofLk = L(M,Hk−1), withL1 = C and k = 2, . . . , r. Let

Fk(M, C) :=
[
H�

1 · · · H�
k

]�
. (13)

Then, there exists a nontrivial right CCIS W of M1, . . . ,Mn ∈ Rr×r

constrained by C ∈ Rp×r if and only if Fr(M, C) is rank deficient.
Moreover, W = ker(Fr(M, C)).

Proof: Since the row vectors of Hk are the basis vectors of the
rows of the matrix Lk = L(M,Hk−1), we can divide the row vectors
of the matrix Lk into two parts, i.e., Hk consisting of the basis vectors
and the matrix Vk consisting of the remaining row vectors, which
can be expressed as Vk = TkHk for some matrix Tk. Leveraging
Lemma 2, we find that spanrow(L(M, Lk)) = spanrow(L(M,Hk)).
By the definitions of Fk(M, C) of (13) and Fk(M, C) of (6b),
spanrow(Fk(M, C)) = spanrow(Fk(M, C)). By Lemma 1, there exists
a nontrivial right CCIS W of M1, . . . ,Mn ∈ Rr×r constrained by
C ∈ Rp×r if and only if Fr(M, C) is rank deficient. �

Theorem 1 represents an efficient algorithm to derive a right CCIS
of M1, . . . ,Mn ∈ Rr×r constrained by C ∈ Rp×r , which is described
by the pseudocode in Algorithm 1.

Given the definitions of matrices Hk and Lk in Theorem 1, it is
established that both matrices comprise p columns. Furthermore, the
row vectors of Hk serve as a set of basis vectors for Lk, suggesting that
the dimensions of Hk are constrained to be no greater than p× p. This

Algorithm 1: Efficient Computation of a Right CCIS.

construction directly restricts the dimensions of the matrix Fr(M, C)
specified in (13), so that the size of Fr(M, C) does not exceed rp× p.
This condition emphasizes that the dimension of Fr(M, C) grows
linearly with r, independent of the number of matrices,n. In a particular
instance where n = r = p = 10, the dimensions of Fr(M, C) are
thus confined to be less than 103. This result significantly reduces
memory requirements, taking only 9

109
of the memory compared with

the previous method [7].
Example 1: To demonstrate the specifics and effectiveness of

Algorithm 1, consider the following matrices:

M1 =

⎡
⎢⎢⎣

1 −1 −1 1
−2 4 2 0
6 −6 −2 −1
0 −3 −2 3

⎤
⎥⎥⎦ , M2 =

⎡
⎢⎢⎣

15 −4 −1 −5
−15 8 1 6
26 −10 −2 −9
40 −13 −2 −14

⎤
⎥⎥⎦

M3 =

⎡
⎢⎢⎣
−6 4 1 2
10 −9 −3 −3
−7 7 1 2
−18 14 3 6

⎤
⎥⎥⎦, M4 =

⎡
⎢⎢⎣

9 −8 −2 −4
−19 17 3 9
22 −0 −1 −12
32 −30 −6 −15

⎤
⎥⎥⎦,

C� =

⎡
⎢⎢⎣

1
0
1
−1

⎤
⎥⎥⎦ . (14)

By means of Algorithm 1, we obtain F4(M, C) =
[H�

1 H�
2 H�

3 H�
4 ]

� with H1 = C and

H2 =

[
7 −4 −1 −3
1 −1 −1 0

]
, H3 =

[
9 −8 −7 −1
−3 1 −1 2

]

H4 =

[−17 4 −9 13
−11 7 3 4

]
. (15)

The kernel of F4(M, C) is W=span{v1,v2} with

v1 =
[−1 −2 1 0

]�
, v2 =

[
1 1 0 1

]�
(16)

which is a right CCIS of M constrained by C.
Remark 4: To compute the CCIS, the method given in [7] requires

the matrix Fr(M, C) with dimension p(1−nr)
1−n

× r = 1(1−44)
1−4

× 4 =
85 × 4. In contrast, the size of the matrix Fr(M, C) required in the
proposed CCIS efficient calculation method is 7 × 4, the memory
storage of which is significantly less than that of the method given
in [7].

B. Reducibility of DMAR With CCIS

Definition 6. (Reducibility of DMARs): For a given
DMAR (M1(θ),M2(θ),M3(θ), r), if there is a new DMAR
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(M̂1(θ), M̂2(θ), M̂3(θ), r̂) such that

M1(θ)M
−1
2 (θ)M3(θ) = M̂1(θ)M̂

−1
2 (θ)M̂3(θ), r̂ < r (17)

then the given DMAR (M1(θ),M2(θ),M3(θ), r) is reducible.
Now, sufficient conditions for the reducibility of DMARs can be

given by utilizing right or left CCIS as follows.
Theorem 2: If a DMAR (M1(θ),M2(θ),M3(θ), r) admits a non-

trivial right CCIS W with a basis {w1, . . . ,wr̃}, then it is reducible.
Moreover, a low-dimensional DMAR (M̂1(θ), M̂2(θ), M̂3(θ), r̂) =
(M1(θ)R̂, L̂M2(θ)R̂, L̂M3(θ), r) can be obtained such that (17) holds
true, where r̂ = r − r̃ < r and

R :=
[
w1 · · · wr̃ wr̃+1 · · · wr

]
:=

[
R̃ R̂

]
(18a)

L :=
[
L̃� L̂�]� := R−1 (18b)

with L̃ ∈ Rr̃×r , L̂ ∈ Rr̂×r , and wr̃+1 · · ·wr being selected such that
R is a nonsingular matrix.

Proof: Following the proof of Theorem 6 in [7], we derive:

M1(θ)M
−1
2 (θ)M3(θ) = M1(θ)RR−1M−1

2 (θ)L−1LM3(θ)

= M1(θ)R(LM2(θ)R)−1LM3(θ)

=
[
0 M1(θ)R̂

] [∗ ∗
0 L̂M2(θ)R̂

]−1 [ ∗
L̂M3(θ)

]

=
(
M1(θ)R̂

)(
L̂M2(θ)R̂

)−1 (
L̂M3(θ)

)

= M̂1(θ)M̂
−1
2 (θ)M̂3(θ)

where ∗ denotes some appropriate matrices. �
Theorem 3: If a DMAR (M1(θ),M2(θ),M3(θ), r) admits a non-

trivial left CCIS W with a basis {w1, . . . ,wr̃}, then it is reducible.
Moreover, a low-dimensional DMAR (M̂1(θ), M̂2(θ), M̂3(θ), r̂)=
(M1(θ)R̂, L̂M2(θ)R̂, L̂M3(θ), r) can be obtained such that (17) holds
true, where r̂ = r − r̃ < r and

L� :=
[
w1 · · · wr̃ wr̃+1 · · · wr

]
:=

[
L̃� L̂�] (19a)

R :=
[
R̃ R̂

]
:= L−1 (19b)

with R̃ ∈ Rr×r̃ , R̂ ∈ Rr×r̂ , and wr̃+1 · · ·wr being selected such that
L is a nonsingular matrix.

Since Theorem 3 can be proved similarly to Theorem 2, the details
are omitted here for the sake of brevity.

Example 2: Consider the following DMAR: with dimension
r = 12. By Algorithm 1, we can obtain a 7-D right CCIS of
(M1(θ),M2(θ),M3(θ), r). Thus, the DMAR of (20), shown at the
bottom of this page, can be exactly reduced. By Theorem 2, we can
obtain a 5-D DMAR with

M̂1(θ)=

⎡
⎢⎢⎢⎢⎣

θ1 0 0 θ1 1
2 θ3 0 1 0
1 0 θ1θ3 0 0
θ1 0 0 0 0
0 θ2θ3 0 θ3 1

⎤
⎥⎥⎥⎥⎦, M̂3(θ)=

⎡
⎢⎢⎢⎢⎣

2 0 0 −1 0
1 1 0 2 0
0 0 1 0 1
0 0 1 0 0
−1 1 0 0 1

⎤
⎥⎥⎥⎥⎦

M̂2(θ) =

⎡
⎢⎢⎢⎢⎣

θ1 0 0 1 0
0 0 0 1 0
θ3 1 θ1 θ2 0 0
θ2 0 1 θ1 θ3 θ2 θ3
0 −8 θ1 θ2 θ3 0 1

⎤
⎥⎥⎥⎥⎦ . (21)

Remark 5: It should be noted that in the computation of a right
CCIS of (M1(θ),M2(θ),M3(θ), r), the method given in [7] requires

the matrix Fr(M, C) with dimension 40(1−812)
1−8

× 12 ≈ 4.71× 1012.
However, the size of the matrix Fr(M, C) required in this study is
5× 12× 12 = 720 and its memory storage is much smaller than that
of [7].

IV. H2 CONTROL DESIGNS WITH CCIS

In this section, we begin with proposing an H2 feedback controller
synthesis method for rational parameter systems based on the DMAR
model. Experimental results demonstrate that the proposed H2 feed-
back controller synthesis method is less conservative compared with
existing methods. Furthermore, the section underscores the advantages
of employing the efficient CCIS method in the design of H2 feedback

M1(θ)=

⎡
⎢⎢⎢⎢⎣

θ1 0 0 θ1 1 0 0 0 0 0 0 0
2 θ3 0 1 0 0 0 0 0 0 0 0
1 0 θ1θ3 0 0 0 0 0 0 0 0 0
θ1 0 0 0 0 0 0 0 0 0 0 0
0 θ2θ3 0 θ3 1 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎦

M2(θ)=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

θ1 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
θ3 1 θ1 θ2 0 0 0 0 0 0 0 0 0
θ2 0 1 θ1 θ3 θ2 θ3 0 0 0 0 0 0 0
0 −8 θ1 θ2 θ3 0 1 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 1 0 0
0 1 1 θ1 θ3 0 0 1 θ2 0 1 0 θ2 θ3
1 0 0 0 θ1 0 1 0 0 0 0 0
1 0 0 1 0 1 0 θ1 θ2 θ3 0 1 0 0
0 θ1 θ2 1 1 0 0 θ1 θ3 1 0 0 1 0
1 0 1 2 0 1 θ3 0 0 1 θ2 1
0 0 1 0 0 1 0 θ2 1 1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

M3(θ)=

⎡
⎢⎢⎢⎢⎣

2 1 0 0 −1 0 1 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 2
0 0 1 1 0 0 1 0 1 1 0 −1
−1 2 0 0 0 1 0 0 2 0 0 1
0 0 1 0 1 0 0 0 1 1 1 0

⎤
⎥⎥⎥⎥⎦

�

(20)
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controllers, highlighting its superiority on enhancing controller perfor-
mance. To do this, we first give some notation preparations.

Notation 1: Let θ and θ+ denote the value of parameters θ =
(θ1, . . . , θN ) ∈ Θ at timek andk + 1, respectively. The setΘ is defined
as the Cartesian product of Θi, which represents the convex hull of
the vertices θ

[1]
i , . . . , θ

[vi]
i , i.e., θi ∈ Θi. Each parameter θi ∈ Rmi

can be written as the weighted sum of the vi vertices θ
[1]
i , . . . , θ

[vi]
i

of Θi, i.e., θi =
∑vi

li=1 αi,liθ
[li]
i with

∑vi
li=1 αi,li = 1 and αi,li ≥ 0,

li = 1, . . . , vi. We denote by V = V1 × · · · × Vn the finite set of all
extremal values of the parameters gathered in θ. A generic element of
V will be denoted by θ[v] with v = (v1, . . . , vn) being the vector of
indices of vertices for each component. I is the set of all vectors of
indices v. θ[v] is the one-to-one map from I to V . The total number of
vertices in Θ is Nθ =

∏N
i=1 vi. Tr(A) denotes the trace of the matrix

A. A 	 B and A ≺ B mean that A−B is symmetric positive definite
and negative definite, respectively.

A. H2 Control Designs for Discrete-Time LPV Systems

1) H2 State-Feedback Based on DMAR: Consider the
following discrete-time rational parameter system (DTRPS):

xk+1 = Axx(θ)xk +Bxu(θ)uk +Bxw(θ)wk (22a)

zk = Czx(θ)xk +Dzu(θ)uk (22b)

where wk ∈ Rmw represents the exogenous input vector and Bxw(θ)
is multiaffine, and the other matrices are rational with respect to
time-varying parameters θ. Then, its H2 performance [18] is defined
by ‖Tzw‖22 := limT→∞ supθ∈Θ E{ 1

T

∑T
k=0 z

�
k zk}, where the system

input wk is a zero-mean white noise Gaussian process with identity
covariance matrix andE denotes the mathematical expectation. Suppose
a DMAR of (22) is given by

[
Axx(θ) Bxu(θ)
Czx(θ) Dzu(θ)

]
=

[
Ex(θ)
Ez(θ)

]
E−1

π (θ)M3(θ)

= M1(θ)M
−1
2 (θ)M3(θ) (23)

with M3(θ) = [A(θ) B(θ)]. The transposed version of (23) is given
by

[
A�

xx(θ) C�
zx(θ)

B�
xu(θ) D�

zu(θ)

]
=

[
Edx(θ)
Edy(θ)

]
E−1

dπ (θ)M3d(θ) (24)

with M3d(θ) = [Ad(θ) Bd(θ)].
Let uk = Kxk, and then the closed-loop system of (22) is

xk+1 = Axx,K(θ)xk +Bxw(θ)wk (25a)

zk = Czx,K(θ)xk (25b)

with Axx,K(θ) = Axx(θ) +Bxu(θ)K and Czx,K(θ) = Czx(θ)+
Dzu(θ)K. Its H2 performance is equal to the performance of the dual
system defined by

xd,k+1 =A�
xx,K(θ)xd,k + C�

zx,K(θ)wd,k (26a)

zd,k =B�
xw(θ)xd,k. (26b)

According to (24), (26a) can be rewritten as

xd,k+1 = (Edx(θ) +K�Edy(θ))

×E−1
dπ (θ)(Ad(θ)xd,k +Bd(θ)wd,k)

= (Edx(θ) +K�Edy(θ))(−πd,k) (27)

with

πd,k := −E−1
dπ (θ)(Ad(θ)xd,k +Bd(θ)wd,k). (28)

Define

η�
d,k :=

[
x�
d,k+1 π�

d,k x�
d,k w�

d,k

]
(29a)

Ed(θ) :=

[
I Edx(θ) +K�Edy(θ) 0 0
0 Edπ(θ) Ad(θ) Bd(θ)

]
. (29b)

Then, it follows from (27)–(29) that Ed(θ)ηd,k = 0.
Let

Ndx(θ) =
[
Sdx SdxEdx(θ) + SdyEdy(θ) 0 0

]
Ndπ(θ) =

[
0 Edπ(θ) Ad(θ) Bd(θ)

]
(30)

with Sdy = SdxK
�. Then, the H2 state-feedback controller for the

DTRPS can be given by the following result.
Theorem 4: If there exist Nθ symmetric positive-definite matrices

(SPDMs) Pd(θ
[l]), Pd(θ

[l]
+ ), and S(θ[l]), and matrices Sdx, Sdy , and

Sdπ of appropriate size satisfying the following LMIs simultaneously:[
S(θ[l]) B�

xw

(
θ[l]

)
Bxw

(
θ[l]

)
Pd(θ

[l])

]
	 0

diag
{
Pd(θ

[l]
+ ), 0, −Pd(θ

[l]), −I
}

≺
{[

I
0

]
Ndx

(
θ[l]

)}s

+
{
SdπNdπ

(
θ[l]

)}s
(31)

then the state-feedback gain K = S�
dy(S

�
dx)

−1 guarantees that the
closed-loop has an H2 upper bound

‖Tzw‖2 ≤ min
Pd(θ

[l])
max
S(θ[l])

(√
Tr(S(θ[l]))

)
(32)

whatever θ ∈ Θ.
Proof: Thanks to the convexity of matrix inequalities that the LMIs

(31) hold if and only if for all uncertainties θ ∈ Θ, one has

diag {Pd(θ+), 0, −Pd(θ), −I}

≺
{[

I
0

]
Ndx(θ)

}s

+ {SdπNdπ(θ)}s . (33)

With the change of variable Sdy = SdxK
�, (33) reads as

diag {Pd(θ+), 0, −Pd(θ), −I} ≺ {SdEd(θ)}s (34)

with Sd =

[
Sdx

0
Sdπ

]
. After congruence operation of ηd,k �= 0 on

this last matrix inequality, one gets along the trajectories (Ed(θ)ηd,k =
0)

x�
d,k+1Pd(θ+)xd,k+1 − x�

d,kPd(θ)xd,k − w�
d,kwd,k < 0.

By Schur complement theorem [19], we derive from[
S(θ) B�

xw(θ)
Bxw(θ) Pd(θ)

]
	 0 that Tr(B�

xw(θ)P
−1
d (θ)Bxw(θ)) <

Tr(S(θ)). Then, taking into account the discrete-time version of
the generalized H2 norm condition provided by Scherer et al. [20] that
‖Tzw‖22 < Tr(B�

xw(θ)P
−1
d (θ)Bxw(θ)), one can obtain (32). �

2) H2 Gain-Scheduled State-Feedback Control Based on
DMAR: Consider the DMAR of (23) with M3 being a constant matrix
without containing parameter θ. So, we can rewrite M3 as M3 =
[A B], and the transposed version of (3) becomes[

A�
xx(θ) C�

zx(θ)
B�

xu(θ) D�
zu(θ)

]
=

[
Edx

Edy

]
E−1

dπ (θ)M3d(θ) (35)
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with M3d(θ) = [Ad(θ) Bd(θ)].
Remark 6: It should be noted that the above-mentioned special

DMAR form can be derived from LFR, which is to express a ratio-
nal matrix G(θ) as G(θ) = M11 +M12Δ(θ)(I −M22Δ(θ))−1M21,
with Δ(θ) being linear in the elements of θ [21]. Then, the LFR
can be converted into a DMAR in the form of (3). If M11 = 0, then
we have M1(θ) = M12Δ(θ), M2(θ) = I −M22Δ(θ), and M3(θ) =
M21; otherwise, we have

M1(θ) =
[
M11 M12Δ(θ)

]

M2(θ) =

[
I 0
0 I −M22Δ(θ)

]
, M3(θ) =

[
I

M21

]
.

Then, considering gain-scheduled control K(θ), we can derive the
following results for system (26) Edn(θ)ηd,k = 0, where

η�
d,k =

[
x�
d,k+1 π�

d,k x�
d,k w�

d,k

]

Edn(θ) =

[
I Edx(θ) +K�(θ)Edy(θ) 0 0
0 Edπ(θ) Ad(θ) Bd(θ)

]
.

Define

η�
d,k :=

[
x�
d,k+1 π�

d,k x�
d,k w�

d,k

]
(36a)

Edg(θ) :=

[
I Edx +K�(θ)Edy 0 0
0 Edπ(θ) Ad(θ) Bd(θ)

]
. (36b)

Then, it follows from (36) that Edg(θ)ηd,k = 0.
Let

Ndgx(θ) =
[
Sdx(θ) Sdx(θ)Edx + Sdy(θ)Edy 0 0

]
(37a)

Ndgπ(θ) =
[
0 Edπ(θ) Ad(θ) Bd(θ)

]
(37b)

with Sdy(θ) = Sdx(θ)K
�(θ). Then, the H2 gain-scheduled state-

feedback controller for the DTRPS can be given by the following result.
Theorem 5: If there exist Nθ SPDMs Pd(θ

[l]) and Pd(θ
[l]
+ ) and

matrices S(θ[l]), Sdx(θ
[l]), Sdy(θ

[l]), and Sdπ of appropriate size
satisfying the following LMIs simultaneously:[

S(θ[l]) B�
xw

(
θ[l]

)
Bxw

(
θ[l]

)
Pd(θ

[l])

]
	 0

diag
{
Pd(θ

[l]
+ ), 0, −Pd(θ

[l]), −I
}

≺
{[

I
0

]
Ndgx

(
θ[l]

)}s

+
{
SdπNdgπ

(
θ[l]

)}s
(38)

then the gain is K(θ) =
∑Nθ=(v1,...,vN )

l=(1,...,1) ξ1,l1 · · · ξN,lNK(θ[l]), with

K(θ[l]) = S�
dy(θ

[l])(S�
dx(θ

[l]))−1, which satisfies the H2 performance
for the closed-loop system whatever θ ∈ Θ.

Since the proof of Theorem 5 can be proved similarly as Theorem
4, the details are omitted here for brevity.

Remark 7: It follows from (22), (30), and (31) that the sizes of the
matrices Pd(θ

[l]), Pd(θ
[l]
+ ), S(θ[l]), Sdx, Sdy , and Sdπ to be solved

by the LMIs of (31) are determined by the dimension of the DMAR
model. Thus, the complexity of the LMI problems solved by Theorem
4 is directly related to the dimension of the DMAR model. To highlight
this point, the number of decision variables Nv and the total number
of rows in all LMI restrictions Nr for the LMIs of Theorem 4 are
computed. For a DMAR model with dimension r, we have

Nv =
[
0.5× (m2

x +m2
w +mx +mw)

]×Nθ + 1

+ (2mx +mz + r)× r +m2
x +mxmu (39a)

Nr = (3mx +mz +mw + r)×N2
θ +mx. (39b)

Similarly, based on (22), (37), and (38), we have

NSG
v =

(
1.5m2

x + 0.5m2
w +mxmu + 0.5mx + 0.5mw

)
×Nθ + (2mx +mz + r)× r + 1 (40a)

NSG
r = NS

r = (3mx +mz +mw + r)×N2
θ +mx (40b)

where NSG
v is the number of decision variables and NSG

r is the total
number of rows in all LMI restrictions for the LMIs of Theorem 5,
respectively. It can be seen from (39) and (40) that the number of
decision variables and the total rows of all LMI restrictions are all
directly related the dimension of DMARs. Thus, in order to reduce
the complexity of the H2 control design, it is necessary to reduce the
dimension of DMARs for discrete-time LPV systems.

B. Comparisons and Numerical Examples

It should be noted that the LPV/LFR is another power description
for plants subject to rational uncertainties and time-varying parame-
ters [18], [22]. However, most existing contributions to H2 controller
design focuses primarily on continuous-time LPV/LFR systems and
utilize single Lyapunov functions, which can be restrictive for obtaining
robust controllers [18]. As a result, there is a lack of research addressing
controller design conditions for discrete-time LPV/LFR systems, which
are often more complex than their continuous-time counterparts [18]. A
significant contribution to this area is presented by Apkarian et al. [23],
where they provide conditions for H2 controllers, but these are limited
to quadratic conditions based on parameter-independent functions,
which are known to be more conservative than parameter-dependent
Lyapunov (PDL) functions. A more recent and noteworthy work is the
work of Pereira and de Oliveira [18], which proposes less conservative
conditions for H2 robust controller designs for discrete-time LPV/LFR
systems. This work utilizes PDL in combination with slack variables
and general full-block multipliers, but it makes conservative assump-
tions regarding the coefficient matrices in the exogenous input vector
and controlled output equations.

Specifically, the LPV/LFR system for the H2 state-feedback control
studied in [18] is given by

xk+1 = Axxxk +Bxqqk +Bxuuk +Bxwwk

pk = Cppxk +Dpqqk +Dpuuk

zk = Czxxk +Dzuuk, qk = Δ(θ)pk (41)

with Δ(θ) = diag{θ1Ir1 , . . . , θnIrn}. The system described by (41)
can be rewritten as

xk+1 =
(
Axx +BxqΔ(θ)(I −DpqΔ(θ))−1Cpp

)
xk

+
(
Bxu+BxqΔ(θ)(I−DpqΔ(θ))−1Dpu

)
uk+Bxwwk

zk = Czxxk +Dzuuk. (42a)

Compared with (22) in the current study, it can be observed that the
coefficient matrices Czx and Dzu in the controlled output equation, as
well as the matrix Bxw in the exogenous input vector, are restricted to
constant matrices in (42). In contrast, the system in (22) allows for a
wider range of configurations, where the matrix Bxw is multiaffine and
the matrices Czx and Dzu in the controlled output equation are rational
functions of the parameters. The similar advantage can be derived for
the gain-scheduling controllers.

Example 3: In order to show the effectiveness of the proposed
methods in time-varying parameter systems, consider the discrete-time
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TABLE I
NUMERICAL RESULTS FOR H2 STATE-FEEDBACK CONTROL OF DIFFERENT

METHODS

TABLE II
COMPARISON OF THE MAXIMUM UNCERTAINTY RANGE OF θ FOR DIFFERENT

METHODS

uncertain LPV system borrowed from Apkarian et al. [23]

[
Axx(θ) Bxu(θ) Bxw(θ)

]
=

⎡
⎣θ2+2 0 1 θ1+1 0 0

1 0.5 0 0 1 0
0 2 −1 0 0 0

⎤
⎦

[
Czx(θ) Dzu(θ)

]
=

[
e1 e2 e3 e4

]
(43)

with uncertain parameters θ1 ∈ [−δ1, δ1] and θ2 ∈ [−δ2, δ2], where
ek ∈ R4 denotes a column vector with entries being zeros except the
kth entry being 1, k ∈ {1, . . . , 4}.

The 4-D DMAR is given by

M1(θ)
� =

[
(θ2 + 2)e1 + 2e3 + (θ1 + 1)e4 e1 + e2 2e2 − e3

e1 2e2 2e3 e4

]
M2(θ) =

[
e1 2e2 2e3 e4

]
, M3(θ) = I4. (44)

For state-feedback controller, according to Theorem 4, taking δ1 =
δ2 = 0.3, a feasible solution with μd = 2.8300 has been achieved, and
the state-feedback gain is K = [−2.1016 −0.3316 −0.8594].

The comparison with the representative methods, including Pereira
and de Oliveira [18], Apkarian et al. [23], and Lee and Park [24], are
given in Table I . It can be seen that the state-feedback controller
proposed in Theorem 4 is less conservative than the representative
methods, and the H2 gain-scheduled controllers proposed in Theorem
5 and [18] are less conservative than the other methods. Moreover, it
can be seen from comparison of the maximum uncertainty ranges in
Table II that Theorem 5 is less conservative than the other methods.

C. H2 Control Designs With CCIS

As explained in Remark 1, the existing LFR realization methods [15],
[16] often result in high-dimensional DMARs, which increase the cost
of subsequent H2 feedback controller synthesis, or may even make
the feedback controller synthesis impossible due to limited computing
resources. Moreover, it will be shown that the H2 performance results
based on low-dimensional DMAR, which is obtained using the devel-
oped CCIS reduction technique, may be less conservative than those
obtained directly from the original high-dimensional DMAR.

Example 4: In order to show the advantages of employing the effi-
cient CCIS method in the design of H2 feedback controllers, consider

the following discrete-time systems:

[
Axx(θ) Bxu(θ)

]
=

1

d

⎡
⎣a11 a12 a13 b11 b12
a21 a22 a23 b21 b22
a31 a32 a33 b31 b32

⎤
⎦,

Bxw(θ) =

⎡
⎣11
0

⎤
⎦

[
Czx(θ) Dzu(θ)

]
=

[
1 −1 0 −3 0

c21
d

c22
d

c23
d

d21
d

d22
d

]
,

Cy =

[
1 0 0
0 1 0

]
(45)

with

d = θ21θ
2
2θ

2
3 + 8θ21θ

2
2θ3 − θ1, a11 = θ31θ

2
2θ

2
3 + 8θ31θ

2
2θ3 − θ31θ2θ

2
3

− 8θ31θ2θ3 + θ21θ
2
2θ

2
3 + 8θ21θ

2
2θ3 − θ21 − θ1θ

2
2θ3 − 8θ1θ

2
2

+ 8θ3

a12 = θ31θ
2
2θ

2
3 + 8θ31θ

2
2θ3 − θ31θ2θ

2
3 − 8θ31θ2θ3 − θ21θ

2
2θ

2
3 − 8θ21θ

2
2θ3

− θ21 + θ1θ
2
2θ3 + 8θ1θ

2
2 − 8θ3, a13 = 8θ21θ2 + θ21θ2θ3 − 8θ1

a21 = − θ31θ2θ
2
3 + 2θ21θ

2
2θ

2
3 + 8θ21θ

2
2θ3 − θ1θ

2
2θ

4
3 + 2θ1θ

2
2θ

2
3

+ 15θ1θ
2
2θ3 − θ1 + θ23 − 2, a23 = θ21θ

2
2θ

3
3 + θ21θ2θ3 − θ1θ3

a22 = − θ31θ2θ
2
3 + 8θ21θ

2
2θ3 + θ1θ

2
2θ

4
3 − 2θ1θ

2
2θ

2
3 − 15θ1θ

2
2θ3

− θ1 − θ3 + 2

a33 = 8θ21θ2θ
2
3 − θ21θ3, b32 = 9θ21θ2θ

2
3

a31 = θ31θ
2
3 − θ21θ2θ

2
3 + θ1θ

2
2θ

2
3 + 8θ1θ

2
2θ3 − 8θ1θ2θ

3
3 + θ1θ2θ3 − 1

a32 = θ31θ
2
3 + θ21θ2θ

2
3 − θ1θ

2
2θ

2
3 − 8θ1θ

2
2θ3 + 8θ1θ2θ

3
3 − θ1θ2θ3 + 1

b11 = θ31θ
2
2θ

2
3 + 16θ31θ

2
2θ3 − 2θ31θ2θ

2
3 − 16θ31θ2θ3 − 3θ21θ

2
2θ

2
3

− 24θ21θ
2
2θ3 − 2θ21 + 3θ1θ

2
2θ3 + 24θ1θ

2
2 + 3θ1 − 24θ3,

b12 = − 9θ1

b21 = − 2θ31θ2θ
2
3 + 2θ21θ

2
2θ

2
3 + 16θ21θ

2
2θ3 + 3θ1θ

2
2θ

4
3 − 6θ1θ

2
2θ

2
3

− 45θ1θ
2
2θ3 − 2θ1 − 3θ23 + 6, b22 = θ21θ

2
2θ

3
3 − θ21θ

2
2θ

2
3

− θ1 − θ3

b31 = 2θ31θ
2
3 − 3θ1θ

2
2θ

2
3 − 24θ1θ

2
2θ3 + 24θ1θ2θ

3
3 − 3θ1θ2θ3 + 3

c21 = − θ31θ
2
2θ

2
3 − θ31θ2θ

2
3 − 8θ31θ2θ3 + θ21θ

3
2θ

2
3 + θ21θ

2
2θ

3
3

+ 8θ21θ
2
2θ

2
3 − θ1θ

3
2θ

4
3 − θ1θ

3
2θ3 − θ1θ

2
2θ3 − 8θ1θ

2
2 − θ1θ3

+ θ1 + θ2θ
2
3 + 8θ3

c22 = − θ31θ
2
2θ

2
3 − θ31θ2θ

2
3 − 8θ31θ2θ3 − θ21θ

3
2θ

2
3 + θ21θ

2
2θ

3
3

+ 8θ21θ
2
2θ

2
3 + θ1θ

3
2θ

4
3 + θ1θ

3
2θ3 + θ1θ

2
2θ3 + 8θ1θ

2
2 − θ1θ3

− θ1 − θ2θ
2
3 − 8θ3

c23 = θ21θ
3
2θ

3
3 + θ21θ

2
2θ3 + θ21θ2θ3 + 8θ21θ2 − θ1θ2θ3 − 8θ1

d22 = θ21θ
3
2θ

3
3 − θ21θ

3
2θ

2
3 − θ1θ2θ3 − 9θ1

d21 = − 2θ31θ
2
2θ

2
3 − 2θ31θ2θ

2
3 − 16θ31θ2θ3 + 2θ21θ

2
2θ

3
3 + 16θ21θ

2
2θ

2
3

+ 3θ1θ
3
2θ

4
3 + 3θ1θ

3
2θ3 + 3θ1θ

2
2θ3 + 24θ1θ

2
2 − 2θ1θ3

− 3θ2θ
2
3 − 24θ3
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TABLE III
COMPARISON OF COMPUTATIONAL COMPLEXITY OF DIFFERENT METHODS

with uncertain parameters θ1 ∈ [−δ1, δ1] and θ2 ∈ [−δ2, δ2]. It should
be noted that the coefficient matricesCzx andDzu in the control output
equation of system (45) contain the time-varying parameter θ, so the
theorems in [18] cannot deal with the H2 control design issue for such
a case.

For the DTRPS in (45), we have a 12-D DMAR in (20). To reduce
the complexity of the H2 control design, applying the proposed CCIS
to DMAR in (20) yields the DMAR model in (21) with dimension
5.Table III details the total number of rows Nr , the number of scalar
decision variables Nv , the performance H2, and the computer time
in all LMI constraints. As can be seen in Table III, the decision
variables required after model reduction are extremely decreased to
only 43.9% and 58.0% of the decision variables before model reduction
in Theorems 4 and 5, respectively. The total number of rows required
after model reduction is diminished to only 70.9% and 70.9% of the
total number of rows before model reduction in Theorems 4 and 5,
respectively. The computer time for the LMI problem of the 5-D DMAR
model is almost half of that of the 12-D DMAR model.

The H2 performance results in Table III demonstrate that for this
example, the low-dimensional DMAR obtained by the proposed CCIS
method leads to LMI results that are less conservative compared to
those based on the original high-dimensional DMAR. This result is
counterintuitive since the LMIs for the reduced-size DMAR contain
fewer degrees of freedom (fewer decision variables). The reasons for
this conservatism reduction deserve further investigation. Moreover,
as showed in the lines of Theorem 4 that an H2 feedback controller
can still be successfully designed using the lower dimensional DMAR,
which is an exact reduction of the original model by the proposed
CCIS method, even when a feasible solution cannot be derived from the
high-dimensional DMAR.

V. CONCLUSION

A new necessary and sufficient condition for the existence of CCIS
has been established, which requires significantly less memory storage.
Based on the efficient computation of CCIS, the reducibility conditions
have been developed for DMARs of rational parameter systems. In
addition, an H2 feedback controller synthesis has been presented for
rational parameter systems. Experiments have been given to show that
the low-dimensional DMAR model obtained by CCIS reduction method
may be less conservative, which further demonstrate the superiority of
the established efficient calculation of CCIS.
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